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Abstract

The history of the mathematical development shows that many concepts of Advanced Mathematics originate
from Elementary Mathematics. However, the Advanced Mathematics Program at universities is often highly
theoretical with little clear connection with Elementary Mathematics which makes students hard to recognize
this connection. In addition, Mathematics plays an important role as confirmed in the 2018 general education
program, which requires teachers to obtain a solid knowledge of Advanced Mathematics to be able to apply it
in teaching Elementary Mathematics. This not only helps teachers to observe Elementary Mathematics from a
broader perspective, but also generates creative ways of solving problems, helping students better understand
the practical applications of mathematical knowledge.
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1.Pat van dé

Tai cac truong dai hoc, trong cac khoa nhu Su pham Toén, cac kién thic Toan cao cap gom cac dinh
nghia, dinh ly, hé qua, vi du minh hoa va ting dung, thudng mang tinh chat "han lam" c6 tinh chat ché,
chinh xac, ly thuyét cao nhung lai thiéu su lién két véi Todn so cap day & bac Trung hoc co sé va Trung
hoc phé théng. Cac gido trinh Toan hoc thudng khong chi rd mai lién hé gilra Toan hoc cao cap va toan
hoc sa cdp khién Toan cao cap gan nhu la mét thé gidi tach biét hoan toan vai Toan phé théng. Vi vay,
van dé quan trong la lam thé nao cé thé chi ré méi quan hé nay, cang nhiéu cang tét cho SV (sinh vién)
nganh su pham Toan, gitip SV hiéu biét ré rang cdc mai lién hé nay, tir dé c6 thém déng luc tich cuc dé
hoc t6t cac kién thic Toan & dai hoc, cling nhu c6 thé (ing dung cac kién thiic tir Todn cao cap vao viéc
giang day sau nay. B&i thé cho nén, dé tai nghién ctiu "Mai lién hé gilta Toan cao cap va Toan sc cap qua
mot s6 cha dé Dai s6 va Gidi tich" la mét van dé nghién clu rat can thiét va rat dang dugc quan tam.

2. Noi dung nghién citu

2.1. Méi lién hé giira chi dé ma trén, dinh thirc véi todn hoc phé théng

Cha d@é Ma tran, Pinh thiic va cac phuong phap bién déi lién quan 1a nhitng ndi dung toan hoc quan trong
trong cac gido trinh dao tao SV nganh Su pham Toan hoc, cac nganh Kinh té, cac nganh Ki thuat [1], [4], [5]. Sau
day, toi st dung ly thuyét clia mach kién thuc nay dé giai mét s6 bai toan & phé théng.

2.1.1. Kién thdc co sé

a. binh nghia ma tran va dinh thuc

- Ma tran ki€u (m,n) 1a mét bang gém m.n s6 dugc viét thanh m dong, 7 cot nhu sau:

a
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Trong d6 % la phan ti & hang tha iva cottha j véi i=1,2,...,m;j=1,2,..,n.
- Pinh thic clia 4, ky hiéu det(4) (hodcdet 4) la biéu thuc:

a, a, .. q

4=

n

Ay oo G

."| .dugc dinh bang quy nap nhu sau:

a a a

nl n2 "t nn

n=1:4=(a,)=>det(4)=a, =det(M,,)

_n. a4y
n=2: 4 :[ J =>det(4) = a,,a,, — a,,a,, = q,, det(M,,) —a,, det(M ,) .
ay ap

n bat ki: det(4) = a,.det(M,,) — a,,.det(M,,) + a . det(M ) — ... + (~1)""a,, .det(M, ).

b. Phuong phdp khir Gauss

ayX, +a,x, ++a,x, = b
apX,+--+a, x, =b,

Gid sur c6 hé tam giac nhu sau:

a,x,=b,.

DéE gidi hé phuong trinh nay chiing ta sir dung phép thé: ti phuong trinh thi » ta tim duoc x,, thé
giatri x, vao phuong trinh tht » -1 ta dugc x,_,,thé gid tri x,, X,., vao phuong trinh 7-2 ta dugc %
;. CU nhu vay tim dugc nghiém cla hé phuong trinh ban dau.

Dé gidi hé phuong trinh tuyén tinh Ax=5,4=(q;) ,ta viét ma tran vé phai b vao sau ma tran hé s6
4 dé€ dugc ma tran hinh cht nhat [4,6]. St dung cac phép bién déi sa cap (nhan mét hang véi mot sé
k = 0; d6i chd hai hang; nhan mot hang véi moét s6 k r6i cong vao mét hang khac) dé dua ma tran 4
trong matran 4x=» vé dang tam giac. Vi cac phép bién d6i sa cap khéng lam thay déi tap nghiém cda
hé phuong trinh tuyén tinh nén ta c6 hé ban dau 4x =% tuong duong véi mot hé tam giac, tir d6 tim
dugc nghiém cla hé da cho.

¢. Phuong phdp Cramer

Hé phuong trinh tuyén tinh 4x=b dugc goi la mét hé Cramer néu ma tran hé s6 4 la ma
tran vudng va det(4)=0.H¢ Cramer 4x=b VGi (a),,, lubn ¢ nghiém duy nhat xac dinh bd

o _det(4) _det(4) _dei(4,)
Yodet(4)” det(4)T" det(4) ).

Trong d6, 4 (i=1,2,....n) la ma tran sinh ra t& ma trdn 4 bdng cach thay cét th i clla ma tran 4
bd&i cot vé phai.

2.1.2. S0 dung ly thuyét vé ma tran, dinh thiic dé giai bai todn hé phuong trinh & phé théng

Sau day, ta sé sir dung phuong phap Gaus, phuong phap Cramer dé giai bai toan vé hé phuong
trinh nhiéu dn & phé théng sau:

Bai toan 1. Gidi hé phuang trinh sau:
x—=3y+3z-2t=6
2x—4y-3z=3(1) Ix+Ty—z+5t=4
a) (I){x—3y+4z=-29(2) b) x—3yp+Szr=—3
4x -y =8(3) 4x+5y—-2z-3t=7
Loi giai:
a) Giadi phuong trinh trén bang phuong phap Gauss. Nhan 2 vé clia phuong trinh (2) ctia hé véi (-2)
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roi cdng vai phuong trinh (1) theo ting vé tuong ting ta dugc phuang trinh (2°). Nhan 2 vé ctia phuong
trinh (1) cha hé véi (-2) réi cdng véi phuang trinh (3) theo tiing vé tuong ting ta dugc phuong trinh (3),
ta dugc hé phuong trinh (1) da khir 4n x déi v6i phuong trinh thit 2, nhu sau:
2x—4y—-3z=5()
(IN{2y-11z = 63(2")
7y+6z=-2(3)
Nhan 2 vé ctia phuong trinh (2’) véi 7 ta dugc phuang trinh (2”); nhan 2 vé clia phuong trinh (3') cta
hé véi (-2) ta dugc phuong trinh (3”) ta dugc hé phuong trinh (ll) nhu sau:
2x—4y-3z=5(1)
(II1){14y — 77z = 441(2")
~14y—12z=4(3")
Cong 2 vé clia phuong trinh (2”) véi phuong trinh (3”) ta dugc phuong trinh (3”) va hé phuong trinh
(IV) nhu sau:
[2x—4y—32:5(1)
(IV) {14y =77z = 441(2")
1—892 = 445(3")
Tu (3") tasuy ra z=-5, thay ; =—5vao phuaong trinh (2") suy ra y =4; thay y=4,z=-5 vao phuong
trinh (1) ta c6 x=3.Vay nghiém cla hé phuaong trinh la (x;y;z) = (3;4;-5)

1 -3 3 =2
3 R e . . 3 7 -1 5
b) Ta c6 ma tran hé s6 cta hé phuong trinh sau: 4= 5 o3 5 17 det(4) =—403
4 5 2 -3
6 -3 3 =2 1 6 3 =2 1 -3 6 2 1 -3 3 6
4 7 -1 5 3 4 -1 5 37 4 5 37 -1 4
Al = h = 3 = A4 =
-3 3 5 1 -2 3 5 1 -2 -3 3 1 -2 -3 5 3
7 5 -2 3 4 7 -2 3 4 5 7 3 4 5 =2 7

Ta CO: det(4)) = —1339, det(4,) = 429, det(4;) = —12, det(4,) = —122
Vay nghiém cta hé phuang trinh da cho la:
L_det(4) 103 det(dy) 33 dei(4) _ 12 _det(dy) _122
Tdet(d) 317 T det(4) 3100 det(d) 403" det(d) 403
2.2. Méi lién hé giita cha dé Ddy sé véi todn hoc phé théng
Noi dung Day s6 va Gidi han day s6 la mét trong cac mach kién thiic quan trong trong Chuong trinh
dao tao SV cac nganh Su pham Toén, cac nganh Ki thuat va dugc viét kha han lam trong cac gido trinh
dai hoc [2], [3]. Dudi day la mot s6 kién thic cd s& dugc st dung dé gidi mot sé bai toan xuat hién trong
cac ky thi hoc sinh gidi & phé théng.
2.2.1. Kién thiic co s&
a. Khdi niém gici han déy sé: Binh nghia gidi han clia day s thuc: Cho day s6 thuc {#,} .56 aeR duoc
goi la gidi han ctia day néu véi moi & > 0 cho trudc bao gid cling ton tai mot s6 7, (phu thudc ¢ ) sao cho Vi
moi n > n, ta déu co <& .Khido, tandirang day {u,} hoitudén 4 haytiéndén gidihan a valimu, =a.

u,—a

b. Sr dung tinh don diéu dé xét tinh héi tu cda déy sé

-Néu {u,} la day tang bi chan trén thi né héi tu va gidi han limu, =supu,
-Néu {u,} la day gidm bi chdn dusi thi né héi tu va gidi han limu, =infu, .
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2.2.2. S0 dung ly thuyét hdi tu dé gidi bai todn déy s trong dé thi hoc sinh gidi & phé théng.
Bai toan sau day la mot dang toan nang cao dugc st dung trong cac ky thi hoc sinh gidi & phé théng.
Bai toan 2. Cho day so fu,} duoc xac dinh theo cong thiic sau: u, =2 u, = m;
B SN
Hay tim gidi han cia day s6 {u,} trén.

Nhdn xét: Dé giai bai toan trén vdi kién thic & phé thong, viéc tinh truc tiép gidi han ctia day sé la
rat khé khan. Tuy nhién, néu st dung ly thuyét tinh don diéu ctia day s6 thi viéc tim gidi han ctia day s6

.} trg nén don gian hon. Sau day la I6i giai chi tiét 4p dung kién thiic toan cao cap dé giai bai toan.
L&i gidi: Ta chG y rang: u,,, =~2+u, .Do u, =v2<2 nén u, = 2+u, <~J2+2=2.
Do dé néu gié st u, <2 thi u,, =2+u, <2.Ching minh quy nap ta chi ra rang day sé trén bi chan

2+ .
trén bai 2. Lai co: ‘/ & :\/—+i>\/%+%:1.Dodo Uy > U,
u

2
un u, u

n n

Suyra {u,} laday tang.Vay {u,} laday tang va bi chan trén nén noé la day hoi tu. Gia st limu, =a.
Tu biéu thiic 4., =2+, taco o’ =2+a.Suyra @=2 Vaydaysé {u,} co gidihanla 2.

Bai toan 3 (Dé thi HSG QG nam 2012). Cho day s6 (x,) dugc xac dinh boi: x, =3 va

x, =12

; X, +2),Vn=23,.

Chiing minh rang day sé ( x,) c6 gidi han hiru han, tinh gidi han dé.

Nhadn xét: Bai toan trén nam trong dé thi HSG QG nam 2012, véi dang toan nay thi viéc tim s6 hang
tong quat x, tir d6 tinh gidi han clda day s6 theo kién thic toan phéng thudng dung sé gap khé khan.
Tuy nhién, st dung ly thuyét tinh dgn diéu ctia day s6 thi viéc tim gidi han clia day sé trd nén don gian
hon. Sau day la 16i gidi chi tiét ap dung kién thuc toan cao cap dé giai bai toan.

Loi gidi: Bang phuong phap quy nap ta chiing minh dugc x,_ 12—2 Vn=3,4,.. Suy ra day so (x,) bi

chan dudi bai s6 0. Mat khac, x "+2( +2)_xH:2[”+2_?n_1)xn—l]so.Véydéy s6 (x,) giam
va bi chan dudi nén co6 gidi han hitu 'han n 3n

Dat lim x, =a tu biéu thic x, :%z(xn71+2),Vn:2,3,...Ta O lim x, :ﬁm”+2(xn71+2) hay

X =>4 n X—>+00 n—wo  3p

a=—(a+2)<:>a—l Vay limx, =1.

x—0

2.3. Méi lién hé giiia cdc dinh ly gid tri trung binh véi todn hoc phé théng

Cac dinh ly gia tri trung binh la néi dung nam trong mach kién thutic Giai tich trong Chuong trinh
Toan cao cap ma c6 nhiéu iing dung trong cac bai toan phé théng.

2.3.1. Kién thiic co s&

a. Binh ly Rolle: Gia stt ham sé f(x) lién tuc trén doan [a,5] va kha vi trong khoang (¢,6) thda man
f (@)= f(b) . Khi d6 ton tai it nhat moét diém c e (a,b) sao cho f'(c)=0.

b. Dinh ly Lagrange: Gia sitham s6 f(x) lién tuc trén doan [a,b] va kha vi trong khoang (a.b). Khidé
tén tai it nhat mot diém c e (a,b) sao cho f(b)- f(a)= f(c)b-a).

¢. Binh ly Cauchy: Gia st hai ham sé f(x) va g(x) lién tuc trén doan [a,b] va kha vi trong khoang

S asan . A np AR S®B) = f(a) _ ')
(a,b) . Khi d6 ton tai it nhat moét diém c e (a,b) sao cho 20) 2@ 20"
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2.3.2. Strdung cdc dinh ly gid tri trung binh gidi mét sé bai todn & phé théng

Sau day, ta sirdung Dinh ly Rolle dé gidi mot bai toan phuaong trinh ma danh cho hoc sinh kha gidi
trong chuong trinh mén Toan 16p 11.

Bai todn 4. Gidi phuong trinh 3* +5"=2.4".

Nhdn xét: Theo chuong trinh toan phé théng, ta sé gidi phuang trinh bang phuang phap ham sé.
Vi phuong trinh khong c6 nghiém duy nhat nén sé gap kho khan khi s&r dung phuong phap nay. Tuy
nhién, néu st dung Dinh ly Rolle thi viéc giai bai toan tré nén don gian. Sau day la |1Gi gidi chi tiét ap
dung kién thuc toan cao cap dé giai bai toan.

Loi gidi: Nhan thdy x = 0;x =1 la hai nghiém ctia phuong trinh, bang cach thay lan lugt cac gia tri trén
vao phuang trinh. Ta sé chiing minh phuong trinh chi c6 hai nghiém trén.

Goi x,la nghiém ctia phuong trinh déa cho. Ta dugc: 3% +5% =2.4% < 5% —4° =4 -3 Xét ham s6
f(@)=@+D" —¢* suyra f(t) lién tuc trén [3; 4], kha vi trong khoang (3; 4) va theo trén ta cé J@H=70
.Do d6 ap dung Binh li Rolle ton tai c e (3; 4) sao cho f(c)=0.Suy ra Xt~ =0 e | 0T 0 vay
phuong trinh c6 hai nghiemx=0vax=1. %=1

a+b . a- b b—a

Bai toan 5. Chiing minh bat dang thuc: a2b < cos 5 sin

Nhdn xét: Bai todn trén la dang todn nang cao trong cac ky th| HSG cla Idp 11.Néu st dung cac phép
bién d6i lugng gidc dé danh gia bat dang thic trén thi khéng kha thi. Nhung néu khéo léo van dung
Dinh ly Lagrange thi sé giai quyét dugc van dé clia bai toan. Sau day la 1Gi gidi chi theo hudng ap dung
Pinh ly Lagrange.

Loi gigi: Bat dang thic can chiing minh suy ra a—b <sina —sinb <bh—a . Vay ta can chiing minh bat
dang thuc: |sina—sinb|<|b—al.

Xét ham s f(x)=sinx,xe(a,b). Suy ra ham s6 / lién tuc va kha vi trong (a,6). Ap dung dinh ly
Lagrange ton tai s6 ¢ €(a.0) sao cho f(b)~f(a)=f'(c)(b~a). Do d6 ta cd sinb—sina=cosc(b—a). Suy ra
[SIP=SAL v | cos <1 nen lsinb—sinal _,

b—a b—ua
Vay ta cO |sina—sinb|<|b—a].

3. Két luan

Bai bao "Mai lién hé gilta Toan cao cap va Toan so cap qua mot sé cha dé Dai so6 va Giai tich" da gitp
soi sang mot phan maéi lién hé gitra Toan cao cap va Toan so cap, day & bac Trung hoc co sé va Trung
hoc phé théng. Mong rang trong chuang trinh Toan danh cho SV nganh Su pham Toan hoc, nhiing cha
dé Toan cao cap nao ma cé thé tich hgp dugc véi cac bai toan tuong ing & phé théng thi nén tich hop
t0i da, tong hgp thanh cac dang cu thé, cac chuyén dé day du giup SV c6 thém dong luc va hing thu
trong qua trinh hoc tap. Do thai gian nghién ctu cé han, t6i mong dugc sy quan tam dong gép y kién
clia cac thdy ¢, cac ban déng nghiép dé bai nghién cliu c6 chat lugng tét hon.

| coscl=
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